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Abstract. In this paper we present a method to study global regularity properties of 
solutions of large-data critical Schrodinger equations on certain noncompact Riemannian 
manifolds. We rely on concentration compactness arguments and a global Morawetz 
inequality adapted to the geometry of the manifold (in other words we adapt the method 
of Kenig-Merle [40] to the variable coefficient case), and a good understanding of the 
corresponding Euclidean problem (in our case the main theorem of Colliander-Keel- 
Staffilani-Takaoka-Tao [21]). 

As an application we prove global well-posedness and scattering in H 1 for the energy- 
critical defocusing initial- value problem 

(id t + A g )u = u\u\ , u(0) = (f>, 

on the hyperbolic space H 3 . 
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I. Introduction 

The goal of this paper is to present a somewhat general method to prove global well- 
posedness of critical 1 nonlinear Schrodinger initial-value problems of the form 

(id t + A g )-u = Af(u), u(0) = (f>, (1.1) 

on certain noncompact Riemannian manifolds (M, g). Here A g = g^ [dij — Y^dk) is 
the (negative) Laplace-Beltrami operator of (M, g). In Euclidean spaces, the subcritical 
theory of such nonlinear Schrodinger equations is well established, see for example the 
books [18] or [54] for many references. Many of the subcritical methods extend also to the 
study of critical equations with small data. The case of large-data critical Schrodinger 
equations is more delicate, and was first considered by Bourgain [12] and Grillakis [29] 
for defocusing Schrodinger equations with pure power nonlinearities and spherically sym- 
metric data. The spherical symmetry assumption was removed, in dimension d = 3 by 
Colliander-Keel-Stafnlani-Takaoka-Tao [21] global well-posedness was then extended to 
higher dimensions d > 4 by Ryckman-Visan [46] and Visan [55]. 

A key development in the theory of large-data critical dispersive problems was the work 
of Kenig-Merle [40] , on spherically symmetric solutions of the energy-critical focusing NLS 
in M 3 . The methods developed in this paper found applications in many other large-data 
critical dispersive problems, leading to complete solutions or partial results. We adapt 
this point of view in our variable coefficient setting as well. 

To keep things as simple as possible on a technical level, in this paper we consider only 
the energy-critical defocusing Schrodinger equation 

(id t + A g )w = u\u\ 4 (1.2) 

in the hyperbolic space H 3 . Suitable solutions on the time interval (T 1? T 2 ) of (1.2) satisfy 
mass and energy conservation, in the sense that the functions 

E°(u)(t):= f \u(t)\ 2 d^ E\u)(t):=\ f |V ' g u(t)\ 2 dfi +\ [ \u(t)\ 6 dfi, (1.3) 

are constant on the interval (T\,T2). Our main theorem concerns global well-posedness 
and scattering in if 1 (H 3 ) for the initial-value problem associated to the equation (1.2). 

Theorem 1.1. (a) (Global well-posedness) If <fi G /J 1 (EI 3 ) 2 then there exists a unique 
global solution u e C(R : H l {M?)) of the initial-value problem 

(id t + A s )u = u\u\ 4 , u(0) = (j>. (1.4) 

In addition, the mapping <p — > u is a continuous mapping from if 1 (H 3 ) to C(R : iJ 1 (H 3 )) ; 
and the quantities E°(u) and E 1 ^) defined in (1.3) are conserved. 

1 Here critical refers to the fact that when (M, g) = (K 3 ,5y), the equation and the control (here the 
energy) are invariant under the rescaling u(x,t) — > X^u(\x, X 2 t). 

2 Unlike in Euclidean spaces, in hyperbolic spaces M d one has the uniform inequality f Bd \.f\ 2 dfi < 
f Bd |V/| 2 dfi for any / e C °°(e d ). In other words £f 1 (EI d ) ^ L 2 (M d ). 
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(b) (Scattering) We have the bound 

IM|lio(H3x]R) < Cdl^llif^H 3 ))- (!- 5 ) 
As a consequence, there exist unique u± G H 1 (M 3 ) such that 

\\u(t) - e itAs u ± \\ H i (M 3) = as t ->■ ±00. (1.6) 

It was observed by Banica [5] that the hyperbolic geometry cooperates well with the 
dispersive nature of Schrodinger equations, at least in the case of subcritical problems. 
In fact the long time dispersion of solutions is stronger in the hyperbolic geometry than 
in the Euclidean geometry. Intuitively, this is due to the fact that the volume of a ball 
of radius R + 1 in hyperbolic spaces is about twice as large as the volume of a ball 
of radius R, if R > 1; therefore, as outgoing waves advance one unit in the geodesic 
direction they have about twice as much volume to disperse into. This heuristic can 
be made precise, see [2, 5, 6, 7, 8, 9, 19, 37, 45] for theorems concerning subcritical 
nonlinear Schrodinger equations in hyperbolic spaces (or other spaces that interpolate 
between Euclidean and hyperbolic spaces). The theorems proved in these papers are 
stronger than the corresponding theorems in Euclidean spaces, in the sense that one 
obtains better scattering and dispersive properties of the nonlinear solutions. 

We remark, however, that the global geometry of the manifold cannot bring any im- 
provements in the case of critical problems. To see this, consider only the case of data of 
the form 

(f) N ( x ) = N^iN^ix)), (1.7) 

where G C^°(lR 3 ) and \l/ : R 3 — > H 3 is a suitable local system of coordinates. Assuming 
that ip is fixed and letting N — > 00, the functions <p N G C^°(H 3 ) have uniformly bounded 
H l norm. For any T > and ip fixed, one can prove that the nonlinear solution of (1.4) 
corresponding to data 4>n is well approximated by 

N^ 2 v(N^-\x),NH) 

on the time interval (—TN~ 2 ,TN~ 2 ), for N sufficiently large (depending on T and ip), 
where v is the solution on the time interval (— T, T) of the Euclidean nonlinear Schrodinger 
equation 

(id t + A)v = v\v\\ u(O) = '0. (1.8) 

See Section 4 for precise statements. In other words, the solution of the hyperbolic 
NLS (1.4) with data <pN can be regular on the time interval (—TN~ 2 ,TN~ 2 ) only if the 
solution of the Euclidean NLS (1.8) is regular on the interval (— T, T). This shows that 
understanding the Euclidean scale invariant problem is a prerequisite for understanding 
the problem on any other manifold. Fortunately, we are able to use the main theorem of 
Colliander-Keel-Staffilani-Takaoka-Tao [21] as a black box (see the proof of Lemma 4.2). 

The previous heuristic shows that understanding the scaling limit problem (1.8) is part 
of understanding the full nonlinear evolution (1.4), at least if one is looking for uniform 
control on all solutions below a certain energy level. This approach was already used in 
the study of elliptic equations, first in the subcritical case (where the scaling limits are 
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easier) by Gidas-Spruck [26] and also in the H 1 critical setting, see for example Druet- 
Hebey- Robert [24], Hebey-Vaugon [30], Schoen [47] and (many) references therein for 
examples. Note however that in the dispersive case, we have to contend with the fact 
that we are looking at perturbations of a linear operator id t + A g whose kernel is infinite 
dimensional. 

Other critical dispersive models, such as large-data critical wave equations or the Klein- 
Gordon equation have also been studied extensively, both in the case of the Minkowski 
space and in other Lorentz manifolds. See for example [3, 4, 16, 17, 27, 28, 34, 35, 36, 
38, 41, 43, 44, 48, 49, 52] and the book [54] for further discussion and references. In the 
case of the wave equation, passing to the variable coefficient setting is somewhat easier 
due the finite speed of propagation of solutions. 

Nonlinear Schrodinger equations such as (1.1) have also been considered in the setting 
of compact Riemannian manifolds (M, g), see [10, 11, 14, 15, 22, 25]. In this case the 
conclusions are generally weaker than in Euclidean spaces: there is no scattering to linear 
solutions, or some other type of asymptotic control of the nonlinear evolution as t — )■ oo. 
Moreover, in certain cases such as the spheres E> d , the well-posedness theory requires suffi- 
ciently subcritical nonlinearities, due to concentration of certain spherical harmonics. We 
note however the recent result of Herr-Tataru-Tzvetkov [33] on the global well-posedness 
of the energy critical NLS with small initial data in if 1 (T 3 ). 

To simplify the exposition, we use some of the structure of the hyperbolic spaces; in 
particular we exploit the existence of a large group of isometries that acts transitively 
on M d . However the main ingredients in the proof are more basic, and can probably be 
extended to more general settings. These main ingredients are: 

(1) A dispersive estimate such as (2.24), which gives a good large-data local well- 
posedness/stability theory (Propositions 3.1 and 3.2). 

(2) A good Morawetz-type inequality (Proposition 3.3) to exploit the global defocusing 
character of the equation. 

(3) A good understanding of the Euclidean problem, provided in this case by Theorem 
4.1 of Colliander-Keel-Staffilani-Takaoka-Tao [21]. 

(4) Some uniform control of the geometry of the manifold at infinity. 

The rest of the paper is organized as follows: in Section 2 we set up the notations, and 
record the main dispersive estimates on the linear Schrodinger flow on hyperbolic spaces. 
We prove also several lemmas that are used later. 

In Section 3 we collect all the necessary ingredients described above, and outline the 
proof of the main theorem. The only component of the proof that is not known is Propo- 
sition 3.4 on the existence of a suitable minimal energy blow-up solution. 

In Section 4 we consider nonlinear solutions of (1.4) corresponding to data that contract 
at a point, as in (1.7). Using the main theorem in [21] we prove that such nonlinear 
solutions extend globally in time and satisfy suitable dispersive bounds. 

In Section 5 we prove our main profile decomposition of i^-bounded sequences of func- 
tions in hyperbolic spaces. This is the analogue of Keraani's theorem [42] in Euclidean 
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spaces. In hyperbolic spaces we have to distinguish between two types of profiles: Eu- 
clidean profiles which may contract at a point, after time and space translations, and 
hyperbolic profiles which live essentially at frequency 3 N — 1. The hyperbolic geometry 
guarantees that profiles of low frequency N ^ 1 can be treated as perturbations. Finally, 
in Section 6 we use our profile decomposition and orthogonality arguments to complete 
the proof of Proposition 3.4. 

2. Preliminaries 

In this subsection we review some aspects of the harmonic analysis and the geome- 
try of hyperbolic spaces, and summarize our notations. For simplicity, we will use the 
conventions in [13], but one should keep in mind that hyperbolic spaces are the sim- 
plest examples of symmetric spaces of the noncompact type, and most of the analysis on 
hyperbolic spaces can be generalized to this setting (see for example, [32]). 

2.1. Hyperbolic spaces: Riemannian structure and isometries. For integers d > 2 
we consider the Minkowski space M. d+1 with the standard Minkowski metric — (dx ) 2 + 
(dx 1 ) 2 + . . . + (dx d ) 2 and define the bilinear form on R d+1 x R d+1 , 

[x, y] = x°y° - x 1 y 1 - ... - x d y d . 

The hyperbolic space M d is defined as 

U d = {xe R d+1 : [x, x] = 1 and x° > 0}. 

Let = (1, 0, . . . , 0) denote the origin of M d . The Minkowski metric on ~R d+1 induces a 
Riemannian metric g on M d , with covariant derivative D and induced measure dfi. 

We define G := SO(d, 1) = SO e (d, 1) as the connected Lie group of (d + 1) x (d + 1) 
matrices that leave the form [., .] invariant. Clearly, X e SO(d, 1) if and only if 

tr X ■ I dA ■ X = I d>1 , det X = 1, X 00 > 0, 

where Id,i is the diagonal matrix diag[— 1, 1, . . . , 1] (since [x,y] = — l x ■ Id,i ■ y)- Let 
K = SO(d) denote the subgroup of SO(d, 1) that fixes the origin 0. Clearly, SO(d) 
is the compact rotation group acting on the variables (x 1 , . . . ,x d ). We define also the 
commutative subgroup A of G, 



A := < a x = 



chs shs 
sh s chs 

J d _! 



set , (2.1) 



and recall the Cartan decomposition 

G = KA+K, A+ := {a s : s e [0, oo)}. (2.2) 

The semisimple Lie group G acts transitively on M d and the hyperbolic space M. d can 
be identified with the homogeneous space G/K = SO(d,l)/SO(d). Moreover, for any 



3 Here we define the notion of frequency through the Heat kernel, see (2.28). 
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h G SO(d, 1) the mapping Lh '■ EI d — > M d , Lh(x) = h ■ x, defines an isometry of M d . 
Therefore, for any h G G, we define the isometries 

7i h : L 2 (U d ) L 2 (U d ), n h (f)(x) = /(/T 1 ■ x). (2.3) 

We fix normalized coordinate charts which allow us to pass in a suitable way between 
functions defined on hyperbolic spaces and functions defined on Euclidean spaces. More 
precisely, for any h G SO(d, 1) we define the diffeomorphism 

* h :R d ->H d , . . . , v d ) = h ■ + \v\ 2 , v 1 ,..., v d ). (2.4) 

Using these diffeomorphisms we define, for any h G G, 

n h : C(R d ) C(M d ), n h (f)(x) = f(^\x)). (2.5) 

We will use the diffeomorphism as a global coordinate chart on H d , where / is the 
identity element of G. We record the integration formula 

/ f(x)diM(x)= f /(^))(l + k| 2 )" V2 ^ (2-6) 

for any / G C (M d ). 

2.2. The Fourier transform on hyperbolic spaces. The Fourier transform (as defined 
by Helgason [31] in the more general setting of symmetric spaces) takes suitable functions 
defined on M d to functions defined on R x S^ 1 . For to G S^ 1 and A G C, let b(u) = 
(l,w) G R d+1 and 

h XjU1 :U d ^C, h x<UJ (x) = ix,b(u)Y x -e, 

where 

p = (d-l)/2. 

It is known that 

A g /i A , w = -(A 2 + p 2 )/^, (2.7) 

where A g is the Laplace-Beltrami operator on H d . The Fourier transform of / G Co(M d ) 
is defined by the formula 

f(\,u)= [ f(x)h x ,„(x)dn= [ f(x)[x,b(u)} iX - p dpi. (2.8) 
Jm d Jm d 

This transformation admits a Fourier inversion formula: if / G C^°(H d ) then 

/(x)=/ / f(\,u)[x, b(u)]~ iX ~ p \c(\)\~ 2 d\dw, (2.9) 
where, for a suitable constant C, 

r(iA) 



c(A) = C 



r( P + *A) 
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is the Harish- Chandra c-function corresponding to H d , and the invariant measure of § d_1 
is normalized to 1. It follows from (2.7) that 

\f(X,oo) = -(X 2 + p 2 )f(X,co). (2.10) 
We record also the nontrivial identity 

/ f(\,uj)[x,b(uj)}- iX - p duj= [ f(-X,u)[x,b(u)] iX ' p du 

for any / G C °°(H d ), A G C, and x G M d . 

According to the Plancherel theorem, the Fourier transform / — >■ / extends to an 
isometry of L 2 (H. d ) onto L 2 (R + x S d_1 , |c(A)|- 2 dAcL;); moreover 

/ fi(x)Mxj dfM = \ [ 7 1 (A ! a;)7 2 (A, W )|c(A)|- 2 rfA^ ) (2.11) 

for any /i, f 2 G L 2 (H d ). As a consequence, any bounded multiplier m : R+ — >■ C defines 
a bounded operator T m on L 2 (H. d ) by the formula 

7U/ r )(A,o;) = m(A)-7(A,a;). (2.12) 

The question of L p boundedness of operators defined by multipliers as in (2.12) is more 
delicate if p ^ 2. A necessary condition for boundedness on L p (W d ) of the operator T m 
is that the multiplier m extend to an even analytic function in the interior of the region 
T p = {A G C : |9fA| < \2/p - l\p} (see [20]). Conversely if p G (1, oo) and m : % ->■ C is 
an even analytic function which satisfies the symbol-type bounds 

\d a m(X)\ < C{\ + |A|)" Q for any a G [0, d + 2] n Z and A G 7;, (2.13) 

then T m extends to a bounded operator on L p (H d ) (see [50]). 

As in Euclidean spaces, there is a connection between convolution operators in hyper- 
bolic spaces and multiplication operators in the Fourier space. To state this connection 
precisely, we normalize first the Haar measures on K and G such that f K 1 dk — 1 and 

/ f(g-0)dg= [ f(x)dfi 
Jg Jw d 

for any / G Co(H d ). Given two functions /i, ji G Co(G) we define the convolution 

(/i*/2)(ft)= / fi(g)f2(g~ 1 h)dg. (2.14) 

A function : G — >■ C is called K-biinvariant if 

K(k ig k 2 ) = K(g) for any k 2 G K. (2.15) 
Similarly, a function K : H d — > C is called K-invariant (or radial) if 

K(k ■ x) = K(x) for any k G K and x G M d . (2.16) 
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If /, K E Co(IHI d ) and K is K-invariant then we define (compare to (2.14)) 

(/ * K){x) = f f(g- Q)K{g- 1 ■ x) dg. (2.17) 
Jg 

If K is K-invariant then the Fourier transform formula (2.8) becomes 

K(\,u) = K(\)= ( K{x)<&- X {x)dii, (2.18) 

where 

$ x (x)= [ [x,b(cu)]~ iX - p dco (2.19) 
is the elementary spherical function. The Fourier inversion formula (2.9) becomes 

poo 

K(x)= K(\)$ x (x)\c(\)\- 2 d\, (2.20) 
Jo 

for any K-invariant function K E C^°(H d ). With the convolution defined as in (2.17), we 
have the important identity 

{j7k){\, U ) = J{\,u)-K{\) (2.21) 

for any f,K E C (H d ), provided that K is K-invariant 4 . 

We define now the inhomogeneous Sobolev spaces on M d . There are two possible def- 
initions: using the Riemannian structure g or using the Fourier transform. These two 
definitions agree. In view of (2.10), for s E C we define the operator (— A) s / 2 as given by 
the Fourier multiplier A — > (A 2 + p 2 ) 5 / 2 . For p E (1, oo) and sGRwe define the Sobolev 
space iy p ' s (EI d ) as the closure of C£°(H. d ) under the norm 

11/11 WP' a (U d ) = ll(-^) S/2 /llLP(H d )- 

For s E R let H s = W 2 ' s . This definition is equivalent to the usual definition of the Sobolev 
spaces on Riemannian manifolds (this is a consequence of the fact that the operator 
(— A g ) s / 2 is bounded on L p (H. d ) for any s E C, 9fts < 0, since its symbol satisfies the 
differential inequalities (2.13)). In particular, for s = 1 and p E (1, oo) 

H/IUW) = \\(-Ay/ 2 f\\ LPm ^ [ f |V g /| p rfJ VP , (2.22) 

L Jw d J 

where 

|V g /| := \V a fVj\ 1/2 . 
We record also the Sobolev embedding theorem 

W p ' s ^L q if 1< p < q < oo and s = d/p - d/q. (2.23) 



4 Unlike in Euclidean Fourier analysis, there is no simple identity of this type without the assumption 
that K is K-invariant. 
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2.3. Dispersive estimates. Most of our perturbative analysis in the paper is based on 
the Strichartz estimates for the linear Schrodinger flow. For any e H s (M d ), seR, let 
e ltA S(f) e C(R : H s (M d )) denote the solution of the free Schrodinger evolution with data 
0, i.e. 

e itA *0(A,w) = </>(\,u>) • e - l *( A2 +^). 
The main inequality we need is the dispersive estimate 5 (see [2, 5, 7, 37, 45]) 

\\e UA *\\ LP ^ LP ' < |t|-^Vp-i/2), p G [2d/(d + 2),2], f/=p/(p-l), (2.24) 

for any f E R\ {0}. The Strichartz estimates below then follow from the general theorem 
of Keel-Tao [39]. 

Proposition 2.1. (Strichartz estimates) Assume that d > 3 and I = (a,b) C IR is a 
bounded open interval. 
(i)If<j>e L 2 (B. d ) then 

H eitA ^ll(^LlnL ? L-/^ 2 )) ( e d x/) S IHU- ( 2 - 25 ) 
fa) If F £ (L\Ll + L 2 L 2d/(d+2) )(H d x /) £/ien 



/' 



i(t- s )A gF / N rf < ||ir|| M/(tl+2) (2.26) 

To exploit these estimates in dimension d — 3, for any interval ICR and / e C(J : 
iJ _1 (IHI 3 )) we define 



|Z(7) •= ||/||LiO(H3 x /)) 

(L?°L2nL2L6)( H 3 x/ ), £;G[0,oo) (2.27) 

\\f\\ Nk{I) := ll(-A) fc/2 /ll (L i L , +L? 4/ 5)(e 3 x/) , fe G [0,oo). 

We use the 5 11 norms to estimate solutions of linear and nonlinear Schrodinger equations. 
Nonlinearities are estimated using the N l norms. The L 10 norm is the "scattering" norm, 
which controls the existence of strong solutions of the nonlinear Schrodinger equation, see 
Proposition 3.1 and Proposition 3.2 below. 

2.4. Some lemmas. In this subsection we collect and prove several lemmas that will be 
used later in the paper. For N > we define the operator P N : L 2 (H 3 ) — > L 2 (H 3 ), 

JL „ (2.28) 

P N f(X, co) = -A^ 2 (A 2 + l)e-^ 2 ( A2+1 )/(A, co). 

One should think of Pn as a substitute for the usual Littlewood-Paley projection operator 
in Euclidean spaces that restricts to frequencies of size ~ JV; this substitution is necessary 



5 In fact this estimate can be improved if \t\ > 1, see [37, Lemma 3.3]. This leads to better control of 
the longtime behaviour of solutions of subcritical Schrodinger equations in hyperbolic spaces, compared 
to the behaviour of solutions of the same equations in Euclidean spaces (see [5], [7], [37], and [2]). 



10 



ALEXANDRU D. IONESCU, BENOIT PAUSADER, AND GIGLIOLA STAFFILANI 



in order to have a suitable LP theory for these operators, since only real-analytic multipliers 
can define bounded operators on L P (H. 3 ) (see [20]). In view of the Fourier inversion formula 



P*f(x)= / f(y)P N (d(x,y))dLi(y), 
Jw 3 

\P N (r)\<N 3 (l + Nr)- 5 e- 4r . 
The estimates in the following lemma will be used in Section 5. 



(2.29) 



Lemma 2.2. (i) Given e G (0, 1] there is R t > 1 such that for any x G H 3 , N > 1, and 

f e H\M 3 ), 

\P N f(x)\ < N^dlf ■ l B(x ,R e N-^ m + e||/||L6( H 3)) 

where B(x,r) denotes the ball B(x,r) = {y G H 3 : d(x,y) < r}. 
(%%) For any f G H^B 3 ), 

ll/IUa (H 3) < IIV/H^ • SUp [N-^\P N f(x)\f*. 

N>l,x£U 3 

Proof of Lemma 2.2. (i) The inequality follows directly from (2.29): 



\P N f{x)\ 



B(x,R e N^ 1 ) 



\f(y)\\P N (d(x,y))\dv(y) + 



\f{y)\\P N {d{x,y))\dn{y) 



< 11/ • ls(i;,R e Ar-i)||L6( H 3) • Atv,0,6/5 + || / 1| L6(H 3 ) ' ^-N,R € ,6/5, 

where, for Re [0, oo), N G [1, oo) and p G [1, 2] 



l N,R,p 



diO^^RN- 1 



\P N (d(0,y))\*diM{y) 



- 1/p 


roc 




■Jrn- 1 



P N (r)\ p (sh r) 2 dr 



i/p 



<N 3 



i/p 



1 + Nr)~ 5p r 2 dr < N 3 ~ 3 / p {l + R)' 1 . 



RN- 



The inequality follows if R e = 1/e. 

(ii) For any / G H 1 ^ 3 ) we have the identity 

POO 

f = c N- l P N (f)dN, 
Jn=o 

Thus, with A : = sup^> IIAT-^Pjv/IU^h 3 ) 
/ l/| 6 ^< 



(2.30) 



H 3 J0<N 1 <...<N 6 



v> t\ ip f\ dNl dNe ^ 

PnJ\ ■ ■■■■ \PnJ\ -^r- ■ ■ ■ -TT^ 



<A 4 



<A 4 



H 3 J0<N 5 <N 6 
oo 



Nl\P N J\\P N J\ 



dN 5 dN 6 



N 5 N 6 



d\i 



e 3 Jo 



N\P N f\ 2 dNd^. 



ENERGY-CRITICAL DEFOCUSING NLS 11 

The claim follows since 

roo 

a/2 f M2, 



/ / 

Jw 3 Jo 



N\P N f\ 2 dNdf, = c\\(-Ay^f\\i 2m , 



as a consequence of the Plancherel theorem and the definition of the operators Pn, and, 
for any N G [0, 1), 

\\N- 1/2 P N f\\ L o, m < ||P 2 /|Uoo (H3) . (2.31) 



□ 

We will also need the following technical estimate: 

Lemma 2.3. Assume ip G ^(H 3 ) satisfies 

IM|ffi(H3) < 1, sup K-^Pk^^ < 5, (2.32) 
K>i,tm,xew 3 

for some 5 G (0, 1]. Then, for any R > there is C(R) > 1 such that 

^ 1/ 1V g e^^|| i?L , 5/ s (B(xo ^_ 1)x(to _ i?2iV _ 2)to+il2jv _ 2)) < C(R)6V*> (2.33) 
for any N > 1, any t G R, and any x G H 3 . 

Proof of Lemma 2.3. We may assume R = 1, x = 0, t = 0. It follows from (2.32) that 
for any K > and t G R 

||P^ A ^IUoc (H 3) < 5K l '\ ||P^ a ^||l6 (H 3) < 1, 
therefore, by interpolation, 

\\P K e^n^ m <5 l,2 K l '\ 
Thus, for any K > and t G R 

||V g (P^ A ^)IU 12(H 3) < 5 l ' 2 K l '\K+ 1), 
which shows that, for any K > and N > 1, 

^ 1/2 ||V g (P^^)|| L .^. (W _ 1)x( _ JV _ a>JV _ a)) < 5 1/2 ^ 1/4 (^ + 1)1\T 8 /'. (2 . 34) 
We will prove below that for any iV > 1 and K > N 

||V g (P^* A ^)||^ t ( B (o,iv-i)x(-iv- 2 ,iv- 2 )) < (iVK)- 1 / 2 . (2.35) 
Assuming this and using the energy estimate 

||V g (P^ A ^)|| LrLi( e3xM) <1, 

we have, by interpolation, 

||V g (P^ A ^)|| i r )L , (W - 1)x( _^ 2iJV - 2)) < {NK)- l l\ 
Therefore, for any iV > 1 and K > N 

^ 1/ 1V g (P^ A ^)|| i?4S/ s (B(0 ^_ 1)x( ^_ 2)iV _ 2)) < N^K-W (2.36) 
The desired bound (2.33) follows from (2.34), (2.36), and the identity (2.30). 
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It remains to prove the local smoothing bound (2.35). Many such estimates are known 
in more general settings, see for example [23]. We provide below a simple self-contained 
proof specialized to our case. Assuming N > 1 fixed, we will construct a real-valued 
function Q, — fljv 

G C°°(EI 3 ) with the properties 
\B a aB a a\ < 1 in H 3 , 

|A g (A g a)| < N 3 inH 3 , (2.37) 
X a X a • 7Vl B( (yv-i) < X a X p 'D a Dpa in H 3 for any vector-field X G T(H 3 ). 
Assuming such a function is constructed, we define the Morawetz action 

M a (t) = 23 / T> a a(x) ■ u{x)T) a u{x) dfi(x), 

where u := P K e ttAs tp. A formal computation (see [37, Proposition 4.1] for a complete 
justification) shows that 

d t M a (t) = m f D a D' 3 a • T> a uD p ud^ - [ A g (A g a) • \u\ 2 dfx. 
Jw 3 in 3 

Therefore, by integrating on the time interval [— iV~ 2 , iV -2 ] and using the first two prop- 
erties in (2.37), 

4 f [ ^(D a 'D l3 a-'D a u'D l3 u)dfxdt 

J-N- 2 Jw 3 

<2 sup \M a (t)\+ [ [ |A g (A g a)| • \u\ 2 dfxdt 
te[-N- 2 ,N-' 2 ] J-N- 2 in 3 

nN~ 2 

< sup \\u(t)\\ L 2 {m3) \\u(t)\\ H i m + N 3 \\u(t)\\ 2 L 2 (m3) dt 

te[-N- 2 ,N- 2 ] J-N- 2 

< K- 1 + NK~ 2 . 

The desired bound (2.35) follows, in view of the inequality in the last line of (2.37) and 
the assumption K > N since a is real valued. 

Finally, it remains to construct a real-valued function a G C°°(H 3 ) satisfying (2.37). 
We are looking for a function of the form 

a(x) := a(chr(x)), r = d(0,x), a G C°°([l, oo)). (2.38) 

To prove the inequalities in (2.37) it is convenient to use coordinates induced by the 
Iwasawa decomposition of the group G: we define the global diffeomorphism 

$ : R 2 x H 3 , <5>(v\v 2 ,s) = * r (ch s + e">| 2 /2, sh s + e- s \v\ 2 /2, e~V, e~ s v 2 ), 

and fix the global orthonormal frame 

e 3 := d s , e 1 := e s d v i, e 2 := e s d v 2. 
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With respect to this frame, the covariant derivatives are 

Dec.e/3 = 5 a/3 e 3 , D ea e 3 = -e Q , D e3 e a = D e3 e 3 = 0, for a, (3 = 1, 2. 
See [37, Section 2] for these calculations. In this system of coordinates we have 

chr = chs + e- s M 2 /2. (2.39) 
Therefore, for a as in (2.38), we have 

D 3 a = (sh s — e~ s \v | 2 /2) • a' (chr), D x a = v 1 • a' (chr), D 2 a = v 2 ■ a' (chr). 
Using the formula 

T) a T)pa = e a (ep(a)) - (D ea ep)(a), a, = 1, 2, 3. 
we compute the Hessian 

DxDxa = (^^"(chr) + chra'(chr), D 2 D 2 a = (v 2 fa"(chr) + chra'(chr), 
D!D 2 a = D 2 D ia = uW(chr), D 3 D 3 / = (shs - e' s \v\ 2 /2) 2 a"(chr) + chra'(chr), 
D!D 3 a = D 3 D ia = v\shs - e~ s \v\ 2 /2)a"(chr), 
D 2 D 3 a = D 3 D 2 a = v 2 (shs - e~ s \v\ 2 /2)a" (chr). 

Therefore, using again (2.39) 

T> a aD a a = (shr) 2 (a'(chr)) 2 , A g a = ((chr) 2 - l)a"(chr) + 3(chr)a'(chr), (2.40) 

and 

X a X p T) a D p a = chra'(chr)|X| 2 + a"(chr)(X 1 v 1 +X 2 v 2 + X 3 (sh s - e ->| 2 /2)) 2 . (2.41) 

We fix now a such that 

a'(y):=(y 2 -l + N- 2 )- 1 / 2 , y€[l,Oo). 

The first identity in (2.37) follows easily from (2.40). To prove the second identity in 
(2.37), we use again (2.40) to derive 

A s a = b(chr) where b(y) = 3y(y 2 - 1 + N' 2 )- 1 ' 2 - y(y 2 - l)(y 2 - 1 + N' 2 )- 3 / 2 . 

Using (2.40) again, it follows that 

\A g (A s a)\ <y 2 (y 2 - 1 + N~ 2 y 3/2 where y = chr, 

which proves the second inequality in (2.37). Finally, using (2.41), 

X a X p T> a D li a > chra'(chr)|X| 2 - ((chr) 2 - l)|a"(chr)| \X\ 2 

= N~ 2 chr ((chr) 2 - 1 + iy- 2 )" 3 / 2 |X| 2 , 

which proves the last inequality in (2.37). This completes the proof of the lemma. □ 
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3. Proof of the main theorem 

In this section we outline the proof of Theorem 1.1. The main ingredients are a local 
well-posedness/stability theory for the initial- value problem, which in our case relies only 
on the Strichartz estimates in Proposition 2.1, a global Morawetz inequality, which exploits 
the defocusing nature of the problem, and a compactness argument, which depends on 
the Euclidean analogue of Theorem 1.1 proved in [21]. 

We start with the local well-posedness theory. Let 

? = {(/,M):/CRisan open interval and u G C(I : H^B 3 ))} 
with the natural partial order 

(/, u) < (I', u') if and only if I C I' and u'(t) = u(t) for any t G I. 

Proposition 3.1. (Local well-posedness) Assume <fi G if 1 (H 3 ). Then there is a unique 
maximal solution (I,u) = (I (<f>) , u((f>)) G V, G /, of the initial-value problem 

(id t + A s )u = u\u\ 4 , w(O) = (3.1) 

on I 3 x /. In addition ||w||si(j) < oo for any compact interval J Q I, the mass E°(u) 
and the energy E l (u) defined in (1.3) are constant on I, and 

if 1+ :— I n [0, oo) is bounded then \\u\\z(i + ) = oo, 

if I- :— I l~l (—00,0] is bounded then — oo. 

In other words, local-in-time solutions of the equation exist and extend as strong solu- 
tions as long as their spacetime L™ t norm does not blow up. We complement this with a 
stability result. 

Proposition 3.2. (Stability) Assume I is an open interval, p G [—1, 1], and u G C(I : 
H 1 ^ 3 )) satisfies the approximate Schrddinger equation 

(id t + A g )w = p«|m| 4 + e on H 3 x /. 

Assume in addition that 

Nk 1 " (EPx/) + SUp ||u(t)||jfi(H3) < M, (3.3) 
tei 

for some M G [l,oo). Assume t G / and u(t ) G i/^H 3 ) is such that the smallness 
condition 

\\u(t ) - u(t )\\ H i {m3) + Helljv^j) < e (3.4) 
holds for some < e < e l7 where e x < 1 is a small constant e 1 = e 1 (M) > 0. 
Then there exists a solution u G C(I : H 1 ^ 3 )) of the Schrddinger equation 

(id t + A g )w = pu\u\ 4 on H 3 x /, 

and 

IMIsiQHPx/) + ||«||si(H3x/) < C(M), 

\\u - u\\ s i(w3xi) < C(M)e. 
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Both Proposition 3.1 and Proposition 3.2 are standard consequences of the Strichartz 
estimates and Sobolev embedding theorem (2.23), see for example [21, Section 3]. We will 
use Proposition 3.2 with p = and with p = 1 to estimate linear and nonlinear solutions 
on hyperbolic spaces. 

We need also the global Morawetz estimate proved in [37, Proposition 4.1]. 

Proposition 3.3. Assume that I C R is an open interval, and u G C(I : i/ 1 (H 3 )) is a 
solution of the equation 

(id t + A s )u = u\u\ A on B 3 x I. 

Then, for any t±,t2 G I , 

ll u llifl(H3x[ti,t 2 ]) ~ SU P lk(0IU 2 (H3)||w(i)||i/i(H3). (3.6) 
te[ti,* 2 ] 

We turn now to the proof of the main theorem. Recall the conserved energy E l (u) 
defined in (1.3). For any E G [0, oo) let S(E) be defined by 

S(E) = sup{\\u\\ z(I) ,E\u) < E}, 

where the supremum is taken over all solutions u G C(I : // 1 (H 3 )) defined on an interval 
I and of energy less than E. We also define 

E m ax = SUp{£, S(E) < Oo}. 

Using Proposition 3.2 with u = 0,e = 0, J = R, M = 1, e «C 1, one checks that E nmx > 0. 
It follows from Proposition 3.1 that if u is a solution of (1.2) and E(u) < E max , then u 
can be extended to a globally defined solution which scatters. 

If E max = +oo, then Theorem 1.1 is proved, as a consequence of Propositions 3.1 and 
3.2. If we assume that E max < +oo, then, there exists a sequence of solutions satisfying 
the hypothesis of the following key proposition. 

Proposition 3.4. Let u k G C((-T k ,T k ) : H 1 ^ 3 )), k = 1,2,..., be a sequence of non- 
linear solutions of the equation 

(id t + A g )w = -u|m| 4 , 

defined on open intervals (—T k ,T k ) such that E(u k ) — > E max . Let t k G (— T k ,T k ) be a 
sequence of times with 

lim \\u k \\ z{ -T k ,t k ) = hm ||wfc||z(t fc) r*) = (3-7) 

Then there exists wo G i/ 1 (H 3 ) and a sequence of isometries h k G G such that, up to 
passing to a subsequence, u k (t k , h^ 1 ■ x) — > Wq(x) G H 1 strongly. 

Using these propositions we can now prove our main theorem. 

Proof of Theorem 1.1. Assume for contradiction that E max < +oo. Then, we first claim 
that there exists a solution u G C((— T*,T*) : H 1 ) of (1.2) such that 

E(u) = E max and ||u||z(-r.,o) = ||«IU(o,r*) = (3.8) 
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Indeed, by hypothesis, there exists a sequence of solutions u k defined on intervals I k = 
{-T k ,T k ) satisfying E(u k ) < E max and 

IKIU(4) ->■ +00. 

But this is exactly the hypothesis of Proposition 3.4, for suitable points t k G (— T k ,T k ). 
Hence, up to a subsequence, we get that there exists a sequence of isometries h k G G 
such that n hk (u k (t k )) ->■ w strongly in H 1 . Now, let u G C((-T„T*) : H l (M. 3 )) be the 
maximal solution of (3.1) with initial data wq, in the sense of Proposition 3.1. By the 
stability theory Proposition 3.2, we have that, if ||w||z(o,t*) < +00, then T* = +00 and 
< C(lklU(o,+oo)) which is impossible. Similarly, we see that ||u||z(-t„o) = 
+00, which completes the proof of (3.8). 

We now claim that the solution u obtained in the previous step can be extended to a 
global solution. Indeed, using Proposition 3.1, it suffices to see that there exists 5 > 
such that for all times t G (-T*,T*), 

\\u\\z{(t-s,t+S)n(-T,,T*)) < 1- 

If this were not true, there would exist a sequence 5 k — > and a sequence of times 
t k G (-T* + 5 k , T* - 5 k ) such that 

\\ u \\z(t k -s k ,t k +s k ) > L ( 3 - 9 ) 

Applying Proposition 3.4 with u k = u, we see that, up to a subsequence, vr ftfe (-u fc (t fe )) — > w 
strongly in H 1 for some translations h k G G. We consider z the maximal nonlinear 
solution with initial data w, then by the local theory Proposition 3.1, there exists 5 > 
such that 

IMU(-<5,<5) < 1/2. 

Proposition 3.2 gives that ||w|U(t fe -<M fe +5) < 1/2 + o k (l), which again contradicts our 
hypothesis (3.9). In other words, we proved that if E max < 00 then there is a global 
solution u G C(R : H l ) of (1.2) such that 

E{u) = E max and ||u||z(-oo,o) = ||w||z(o,oo) = +oo- 

We claim now that there exists 5 > such that for all times, 

\\u(t)\\ L 6 > 5. (3.10) 

Indeed, otherwise, we can find a sequence of times t k G (0, 00) such that u{t k ) — > in 
L 6 . Applying again Proposition 3.4 to this sequence, we see that, up to a subsequence, 
there exist h k G G such that it hk {u{t k )) — > w in H 1 with w — 0. But this contradicts 
conservation of energy. 

But now we have a contradiction with the Morawetz estimate (3.6), which shows that 
Emax = +00 as desired. □ 



Propositions 3.1 and 3.2 are standard consequences of the Strichartz estimates, while 
Proposition 3.3 was proved in [37]. Therefore it only remains to prove Proposition 3.4. We 
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collect the main ingredients in the next two sections and complete the proof of Proposition 
3.4 in Section 6. 



4. Euclidean approximations 

In this section we prove precise estimates showing how to compare Euclidean and hy- 
perbolic solutions of both linear and nonlinear Schrodinger equations. Since the global 
Euclidean geometry and the global hyperbolic geometry are quite different, such a com- 
parison is meaningful only in the case of rescaled data that concentrate at a point. 

We fix a spherically-symmetric function rj G C£°(IR 3 ) supported in the ball of radius 2 
and equal to 1 in the ball of radius I. Given G ij 1 (lR 3 ) and a real number N > 1 we 
define 

Q N <j> G L7 °°(M 3 ), (Q N <f>)(x) = r,{x/N 1 / 2 ) ■ (e A ^0)(x), 
<P N G C °°(R 3 ), 4> N {x) = N l/2 (Q N (f))(Nx)i (4.1) 

f N g l7 °°(h 3 ), f N ( y ) = M*7\y)), 

where is defined in (2.4). Thus Qn<P is a regularized, compactly supported 6 modifi- 
cation of the profile 0, 4>n is an ^-invariant rescaling of Qn<P, and fx is the function 
obtained by transferring <J) N to a neighborhood of in H 3 . We define also 



#R3(0) = \ [ \V<P\ 2 dx + \ [ \<P\ 6 dx. 

Z JR3 J R 3 

We will use the main theorem of [21], in the following form. 



Theorem 4.1. Assume ^ G H 1 (M 3 ). Then there is a unique global solution v G C(R : 
iJ^IR 3 )) of the initial-value problem 

(id t + A)v = v\v\ 4 , v(0) = ip, (4.2) 

and 

II |Vu| IlLf^nLfLgCR'xR) ^ C( E RtW)- ( 4 - 3 ) 
Moreover this solution scatters in the sense that there exists ip ±co G H 1 (M. 3 ) such that 

IK*) - e <tA ^ ±00 bi (R3) -> (4.4) 

as i ->■ ±oo. Besides, if ^ e H 5 (R 3 ) then v G C(R : # 5 (K 3 )) and 

sup \\v(t) \\ HHm <u\\ h5{r3) 1. 

The main result in this section is the following lemma: 



6 This modification is useful to avoid the contribution of <f> coming from the Euclidean infinity, in a 
uniform way depending on the scale N. 
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Lemma 4.2. Assume G H 1 (M. 3 ), T G (0, oo), and p G {0, 1} are given, and define /jv 
as m (4.1). Then the following conclusions hold: 

(i) There is N = N ((f),T ) sufficiently large such that for any N > N there is a 
unique solution Un G C((— T N~ 2 , T N~ 2 ) : iJ 1 (H 3 )) of the initial-value problem 

(id t + A s )U N = pU N \U N \\ U N (0) = f N . (4.5) 

Moreover, for any N > N , 

\\UN\\s 1 (-T i) N- 2 ,T N- 2 ) ~Bi 3 (^) 1- (4-6) 

Assume S\ G (0,1] is sufficiently small (depending only on E^ z {(f>)), <fi' G -£f 5 (IR 3 ) ; 
and ||0 — 0'||#i( R 3) < £i- £e£ i>' G C(R : if 5 ) denote the solution of the initial-value 
problem 

(id t + A)*/ = p^V | 4 , v'(0) = (f)'. 

For R,N>1 we define 

v' R (x, t) = V (x/R)v'(x, t), (x, t) G K 3 x (-T , T ), 

^ >7V (x, t) = N l ' 2 v' R (Nx, N 2 t), (x, i)6K 3 x (-T N~ 2 , T N~ 2 ), (4.7) 

Vr,*^*) = v'^j'iy)^) (y,t) G H 3 x (-T iV- 2 ,T iV- 2 ). 

Then there is Rq > 1 (depending on T and and E\) such that, for any R ^ Ro> 

limSUp \\U N - V Ri7V |U 1 (-ToiV-2,To7V-2) <£i,W) £ i- ( 4 - 8 ) 

Proof of Lemma 4-2. All of the constants in this proof are allowed to depend on £^ 3 (0); 
for simplicity of notation we will not track this dependence explicitly. Using Theorem 4.1 

l|Vu'||(L~L2nL?Lg)(* s x») < 

sup ||u'(t) ||^(R3) <||^|| 1. ( 4 - 9 ) 

We will prove that for any Rq sufficiently large there is N such that V^ 0i jv is an almost- 
solution of the equation (4.5), for any N > N . We will then apply Proposition 3.2 to 
upgrade this to an exact solution of the initial-value problem (4.5) and prove the lemma. 
Let 

e R (x,t) : = [(^ + A)«; - Kl^fl^t) = pWi/fi) - ^./fi) 5 )^^)!^^)! 4 

3 

+ R- 2 v'(x,t)(Ar])(x/R) + 2R' 1 d j v '( x , t)djr](x/R). 
Since \v'(x,t)\ ^||^|| h5(r3) 1, see (4.9), it follows that 

3 3 3 

^2\d k e R (x,t)\ <u>\\ hHr3) 1[r,2R](\x\) ■ [\v'{x,t)\ + ^\d k v\x,t)\ + \dkdjv'(x,t)\]. 

k=l k=l k,j=l 
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Therefore 

hm || | Ve fl | ||l ? l2 (m3x( _ ToiTo)) = 0. (4.10) 

Letting 

en, N (x,t) := [(id t + A)v' R>N - pv' RiN \v' R:N \ A ](x,t) = N 5 / 2 e R (Nx, N 2 t), 
it follows from (4.10) that there is Rq > 1 such that, for any R> Rq and N > 1, 

| |Ve Rj Ar| ||L t 1 L2(R3x(-ToAf-2,T A r - 2 )) < £ 1- (4-H) 

With V^j/,*) = v'^i^iy)^) as in (4.7), let 

En, N {y,t) : = + A g )V RiN - P V R , N \V R , N \ 4 ](y,t) 

= e RiN ^j\y),t) + A g V RiN (y,t)-(Av' RiN )^j\y),t). 

To estimate the difference in the formula above, let dj, j = 1,2,3, denote the standard 
vector-fields on M 3 and dj := (^i)*(dj) and induced vector-fields on H 3 . Using the 
definition (2.4) we compute 

— y -y ■ 

gij(y) ■= Sy{di, dj) = 5ij - 1+ V, 2 , y = 

Using the standard formula for the Laplace-Beltrami operator in local coordinates 

A g /=|g|- 1/2 ^(|g| 1 /V^/) 
we derive the pointwise bound 

k=l 

for any C 3 function / : H 3 — > C supported in the ball of radius 1 around 0, where, by 
definition, for k — 1, 2, 3 

|V fc %)l := £ |9; fcl 9 2 fe2 93 fe3 %)|. 
Therefore the identity (4.12) gives the pointwise bound 

< \ve R , N \^j\y),t) + J2 E l^r^y)!*- 1 !***^^?^^,*)! 

fc=l fci+A;2+A;3=fe 

< |Ve^|(vi/7 1 (i/) ! t) + J R 3 iv 3/2 £ l^^kW^Cv),*)!- 

fcl+fc 2 +fc36{l,2,3} 

Using also (4.11), it follows that for any R sufficiently large there is iV such that for any 
N > N 

II IVg-Ei^jvl |LiL2( H 3 x (_ To7 v-2 i ToAT-2)) < 2£i. (4-13) 
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To verify the hypothesis (3.3) of Proposition 3.2, we use (4.9) and the integral formula 
(2.6) to estimate, for iV large enough, 

\\VRo,N\\Ll .Ca3x(-T N- 2 ,T N-2)) + SU P ||Vr o ,at(0 ||ifi(H 3 ) 

te(-T N~2,T N-2) 

< iWRo^WLl^xi-ToN-^ToN- 2 )) + SU P II ^ v> R ,N( t ) IU 2 (M 3 ) 

te(-T N-2,T N- 2 ) (4-14) 



l^ollii t (IR 3 x(-To,T )) + SUp ||Vt4 (t)|| L 2 (M 3) 



te(-T ,T ) 



< 1. 



Finally, to verify the inequality on the first term in (3.4) we estimate, for Ro,N large 
enough, 

II/jv- V^ iJV (0)||hich3) < 110^-^,^(0)11^1^3) = \\Qn<I>-v'r o (0)\\hh 



< \\Qn<P - <P\\ H i m + ||0 - 011^(^3) + ||0' - t^(0)Hhi < 3 £l . (415) 

The conclusion of the lemma follows from Proposition 3.2, provided that e\ is fixed suffi- 
ciently small depending on £^ 3 (0). □ 

As a consequence, we have the following: 
Corollary 4.3. Assume tp G if 1 (M 3 ), e > 0, I C R is an interval, and 

|||V(e itA ^)||| L p LS(R s xJ) <e, (4.16) 
where 2/p + 3/q = 3/2, q e (2, 6]. For N > 1 we define, as before, 
(Q N if>)(x) = vix/N 1 / 2 ) ■ (e A / N ^)(x), if> N (x) = N 1/2 (Q N ip)(Nx), $ N (y) = if> N (*7\y)). 
Then there is Ni = Ni(tp,e) such that, for any N > Ni, 

II |V g (e itA «^)| ||l^(h3xat- 2 /) < q e. (4.17) 

Proof of Lemma 4-3. As before, the implicit constants may depend on E^ 3 (ip). We may 
assume that ip G C^°(M 3 ). Using the dispersive estimate (2.24), for any t ^ 0, 

||(-A g )V2 (elt A g ^ )|| ^ (H3) < itr'^M-AjWMtf^ < \t\^ 2 \\ \vm \\ LgJm 

<^ | t | 3/?-3/2^3/5-3/2 _ 

Thus, for Ti > 0, 

II |V g (e l ' Ag ^Ar)| ||LPL|(H3x[l;\(-Ti7V- 2 ,TiAf- 2 )]) T l ^ 

Therefore we can fix Ti = Ti(ip,e) such that, for any N > 1, 

|| |V g (e rfAg V7v)| IlLfLKeSxpV-TiAr^TiJV- 2 )]) < g £■ 

The desired bound on the remaining interval N~ 2 I fl (—TiN~ 2 ,TiN~ 2 ) follows from 
Lemma 4.2 (ii) with p = 0. □ 
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5. Profile decomposition in hyperbolic spaces 

In this section we show that given a bounded sequence of functions f k G i/ 1 (H 3 ) we 
can construct certain profiles and express the functions /& in terms of these profiles. In 
other words, we prove the analogue of Keraani's theorem [42] in the hyperbolic geometry. 

Given (/, t , h ) G L 2 (H 3 ) xlxGwe define 

IW(s) = (e^m^x) = (n ho e-^f)(x). (5.1) 
As in Section 4, see (4.1), given G i/ 1 (IR 3 ) and N > 1, we define 

T N <f){x) := N^iN^ix)) where 0(y) := ^y/N 1 ' 2 ) ■ {e A/N <f)){y), (5.2) 
and observe that 

T N : i7 1 (M 3 ) ->■ ^(H 3 ) is a bounded linear operator with HT^U^i^a) < ||0||hi( R 3)- 

(5-3) 

The following is our main definition. 

Definition 5.1. (1) We define a frame to be a sequence Ok = (Nk,tk, hk) G [l,oo) x 
fx G, i; = 1,2,,.,, where Nk > 1 is a scale, tk G K is a time, and hk G G 
is a translation element. We also assume that either N k — 1 /or all k (in which 
case we call {Ok}k>i a hyperbolic frame) or that N k /* oo (in which case we call 
{@k}k>i a Euclidean frame) . Let T e denote the set of Euclidean frames, 

7 e = {0 = {(N k , t k , h k )}k>i : N k G [1, oo), t k G R, h k G G, N k / oo}, 

and let T h denote the set of hyperbolic frames, 

T h = {& = {(1, t k , h k )} k >i :t k eR,h k e G}. 

(2) We say that two frames {(N k ,tk, hk)}k>i and {(N' k , t' k , h' k )} k >i are equivalent if 

limsup [| ln(N k /N k ,)\ + N 2 k \t k - t' k \ + N k d(h k ■ 0, h' k ■ 0)] < +oo. (5.4) 

fe— >oo 

Note that this indeed defines an equivalence relation. Two frames which are not 
equivalent are called orthogonal. 

(3) Given <fi G i/ 1 (lR 3 ) and a Euclidean frame O = {Ok}k>i = {(N k ,tk, h k )}k>i G J- e , 
we define the Euclidean profile associated with (4>,0) as the sequence (po k , where 

4>o k := U tk:hk (T Nk (f)), (5.5) 

The operators U and T are defined in (5.1) and (5.2). 

(4) Given ip G H 1 (M 3 ) and a hyperbolic frame O = {Ok}k>\ — {{^,tk, hk)}k>i G 

we define the hyperbolic profile associated with (ip, O) as the sequence i>Q h , where 

^6 k n t k ,h k ^- ( 5 - 6 ) 
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Definition 5.2. We say that a sequence (fk)k bounded in H 1 ^ 3 ) is absent from a frame 
O = {(N k , t k , h k )} k if its localization to O converges weakly to 0, i.e. if for all profiles 

4>o k associated to O, there holds that 

lim (f k , 4>o k )m*m(w;i) = 0. (5.7) 

By Lemma 5.4 below, this does not depend on the choice of an equivalent frame. 

Remark 5.3. (i) If O = (l,t k ,h k ) k is an hyperbolic frame, this is equivalent to saying 
that 

as k ->■ oo in H^B 3 ). 

(ii) If O is a Euclidean frame, this is equivalent to saying that for all R> 

g*(v) = v(v/R)N k ~ 1/2 (n_ tfc>fcfc -i/ fc ) (*i(v/N k )) - 

as k ->■ oo in H 1 ^ 3 ). 

We prove first some basic properties of profiles associated to equivalent /orthogonal 
frames. 

Lemma 5.4. (i) Assume {O k } k >i = {(N k , t k , h k )} k >i and {0' k } k >i = {(N' k , t' k , /i' fc )} fc >i 
are two equivalent Euclidean frames (respectively hyperbolic frames), in the sense of (5.4), 
and (f) G H^R 3 ) (respectively <p G H^B 3 )). Then there is 0' G H^R 3 ) (respectively 
(/)' G i/ 1 (H 3 ) y ) such that, up to a subsequence, 

lim \\4> 0k ~ floi llnifHS) = 0, (5.8) 

fc— s-oo k 

where 4>o k -,4> ' o' are as ^ n Definition 5.1. 

(ii) Assume {Cfc} fc >i = {(N k , t k , h k )} k >i and {O k } k >i =_{{N' k ,t' k ,ti k )} k >i are two 
orthogonal frames (either Euclidean or hyperbolic) and <f>o k -,tyo' k are associated profiles. 
Then, up to a subsequence, 



lim 

fc— >oo 



/ D>o fc D Q ^cy + i im -0 O J L3(H3) = 0. (5.9) 
Jw* k ^°° 

(Hi) If 4>o k and ipo k are two Euclidean profiles associated to the same frame, then 
lim (V g 0c> fc , V g ^o fc )L2xL2(H3) = lim / D a Ofc D Q ^ Ojfc d/i 

= / V<f){x) -Vip{x)dx = (V0, V^) L 2 xL 2 {R 3) 

Proof of Lemma 5.4- (i) The proof follows from the definitions if {O k } k >i, {0' k } k >i are 
hyperbolic frames: by passing to a subsequence we may assume lim^oo —t' k +t k — t and 
Hindoo h'^hk = h, and define 

<p> := n a 0. 
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To prove the claim if {O k } k >i, {@ k }k>i are equivalent Euclidean frames, we decompose 
first, using the Cartan decomposition (2.2) 

h'^hk = m k a Sk n k , m k ,n k G IK, s k G [0,oo). (5.10) 

Therefore, using the compactness of the subgroup K and the definition (5.4), after passing 
to a subsequence, we may assume that 

lim N k /N' k = N, lim N 2 k (t k - t' k ) = t, 

k— >oo k—>oo ^pj 11) 

lim m k = m, lim n k = n, lim N k s k = s. 

k— s-oo fc— s-oo k— J-oo 

We observe that for any N > 1, if> G ^(M 3 ), i G 1, g G G, and g G IK 
Ut,gq(TNi/>) = Rt,g(T N ^ q ) where ^(x) = ^(g _1 • x). 
Therefore, in (5.10) we may assume that 

m k = n k = I, h' k ~ 1 h k = a Sk . 
With x = (s, 0, 0), we define 

0'( x ) : = AT 1/2 (e^ A 0)(iVx - x), 0' G ^(M 3 ), 

and define 0', 0'jv^ an d as i n (5.5). The identity (5.8) is equivalent to 

Urn ||T^'-7r fc ,- lfcfc e^- t ^{T N M\m ( W ) = 0. (5.12) 

To prove (5.12) we may assume that 0' G C^°(R 3 ), G H 5 (M. 3 ), and apply Lemma 4.2 
(ii) with p = 0. Let u(a;,t) = (e itA 0)(:r) and, for R > 1, 

ujifof) = r](x/R)v(x,t), v RjNk (x,t) = Nl /2 v R (N k x, JVft), V R>Nk (y,t) = vr^^J 1 ^), t). 

It follows from Lemma 4.2 (ii) that for any e > sufficiently small there is Rq sufficiently 
large such that, for any R> R , 

limsup 11^-^(7^0) - V RiNk (t' k - t k )\\ mm < e. (5.13) 

k— >oo 

Therefore, to prove (5.12) it suffices to show that, for R large enough, 
limsup 11^-1^(^/0') - V R;Nk (t' k - t k )\\ H i {m3) < e, 

k— >oo 

which, after examining the definitions and recalling that 0' G C^°(M 3 ), is equivalent to 
limsup llA^y^,- 1 ^" 1 ^ • V)) - Nl /2 v R {N k ^-\y), N 2 k (t' k - t k ))\\ Him < e. 

k—¥oo 

After changing variables y = ^i(x) this is equivalent to 

limsup IIA^V^F 1 ^" 1 ^ • */(*))) - Nl ,2 v R (N k x,Nl(t' k -t k ))\\ Him < e. 

k— >oo 
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Since, by definition, (f)'(z) = N 1 ^ 2 v(Nz — x, —t), this follows provided that 
lim N^J^h'^hk ■ #7(27%)) - x = x for any x G R 3 . 

k— s-oo 

This last claim follows by explicit computations using (5.11) and the definition (2.4). 
(ii) We analyze three cases: 

Case 1: O, O' G Th- We may assume that 0, tp G C^°(H 3 ) and select a subsequence 
such that either 

lim = 00 (5.14) 

or 

\imt k -t' k =t eR, lim d(h k • 0, h' k ■ 0) = 00. (5.15) 

fc— s-oo fc— s-oo 

Using (2.24) it follows that 

||n t ^0|| L 6( H 3) + ||n t)/l (A g 0)||x,6( H 3) <^ (1 + |t|) _1 

l|n t) hVI|L«(H3) + l|n t ,h(A g ^) || L 6 (H 3) <^ (1 + 

for any £ G K and h E G. Thus 

II^O^cJIlschS) < Hn^.h^llLeCHSjUn^.h^lUe^) <^ (1 + |tfc|) _1 (l + \t' k \)~ l , (5.16) 

and 

£ lk fci -^e^**-*i) A -(A g ^)|| L , ( B. ) ||^|| LB/ , (H , ) <^ (1 + \t k - t' k \)- 1 . 

The claim (5.9) follows if the selected subsequence verifies (5.14). 
If the selected subsequence verifies (5.15) then, as before, 

< || A g ^|| L2(H 3) • ||e- 5A ^ - e-^-V^Wv^ + [ |e-^0| • \« h i fc , A g V>| d/i. 

The first limit in (5.9) follows. Using the bound (5.16), the second limit in (5.9) also 
follows, up to a subsequence, if limsup^oo \tk\ = 00. Otherwise, we may assume that 
lim^oo tk = T, lim^oo t' k — T' — T — t and estimate 

Uo3o' k \\ L H^) = \\ e ~ itkAs *h k <f> ■ e _i *' fcAB 7r^V||L3(H3) 

<^||e- ltfeAg - e-* TA s0|| L 6 (H 3) + He-^^V - e^'^ll/^) 
+ ||e-^0-7r ft - lft ,(e-^ A ^)||L3(H3). 
The second limit in (5.9) follows in this case as well. 



A g 0, 



TT 1'A 



i>o' k dfi 



-i(t k -t' k )A e 



(A g 0) • ^ dfi 



/ 7r, rl , fc e-^-^) A ^-A^^ 

/ iur3 fe 
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Case 2: O e T h , O' G T e . We may assume that G C^°(HI 3 ) and ip G C^iM 3 ). We 
estimate 



/ D a Ofc D Q -0 o ^ = / U tk;hk (A g( f)) -n t; ■ h , (T N ,il>)dn <^ \\T N >ip\\ L 2 m < M N-. 



7-1 



and 



||0O fc ^||L3(H3) < ||n tfci/lfc 0|| LO o (H 3) • iin^^TAT/VOIUsQHp) 



The limits in (5.9) follow. 

Case 3: 0,0' G J- e . We may assume that 0, -0 G C^°(1R 3 ) and select a subsequence 



such that either 



lim N k /N' k = 0, 



k— ¥OD 



or 



lim N k /N' k = N G (0, oo), lim iV 2 |t fc - t' fc | = oo, 



fc->oo 



(5.17) 
(5.18) 



or 



lim N k /N' k = N G (0,oo), lim N k (t k — t' k ) = t G R, lim JV fc d(fr fc • 0, h' k ■ 0) = oo. 

k— >oo fc— s-oo k— s-oo 

(5.19) 

Assuming (5.17) we estimate, as in Case 2, 



H 3 



D Q Ofc D Q ^c^ = / n tkihk (A g (T Nk <i)))-nt h ,(T N ,ip)dp 



HP 



< 



|Ag(7j Vfc 0)|| L 2 (H 3)||7j V /^|| L 2 ( | H 3) 



<^ N k N' k ~ l 



and 



||0O fc V'ojL3(H3) < 1111^,^(^0)1^9^3) • ||n t ^^(T^V)||L9/2( H 3) 

< ||(-A g ) 7 / 12 (T Wfc 0)|U 2(e 3) • ||(-A g ) 5 ^(T^V)IU 2(H 3) 

<^ < 6 ^r 1/6 - 

The limits in (5.9) follow in this case. 

To prove the limit (5.9) assuming (5.18), we estimate first, using (2.24), 

l|n t ,,(r^/)|| i6(H 3) < f (i + tv 2 |*|)-\ 



(5.20) 



for any t G R, h G G, N G [0, oo), and / G L7 °°(M 3 ). Thus 

1 1 <i>o k 4>o J I l« (hs ) < 1 1 n 4fc Ak (T Nk 0) 1 1 L6 (H 3) 1 1 K (T N , k i>) \ \ LB (H3 } 
<m (i + N 2 k \t k \r\i + N> 2 \t> k \r\ 
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/ D a Ofc D Q ^ dfi = / (j) 0k ■ AgV'o' rf/i 

JH3 JR3 



J 



-^-^-'^(T^) ■ A s (T N ' k ip) dp 
-^-*' fc )A g(rArfc0) || L6(H 3 ) || Ag(Tjv , v , ) || i6/5(H3) 



<^ (l + iV^|t fc -t' fc 

The claim (5.9) follows if the selected subsequence verifies (5.18). 

Finally, it remains to prove the limit (5.9) if the selected subsequence verifies (5.19). 
For this we will use the following claim: if (g^, Mk)k>i G G x [l,oo), lim^oo = oo, 
lim^oo M k d{g k ■ 0, 0) = oo, and f,ge H\R 3 ) then 



lim 

fe— >oo 



/ 7r 5fc (-A g ) 1 /2 (TMj) . (_A g )V2 (TMfc5) ^ + H^^TmJ) ■ (T M ^)|| L 3 (H3) = 0. 
Jw 3 



(5.21) 

Assuming this, we can complete the proof of (5.9). It follows from (5.12) that if 
/ G ij 1 (lR) and {-Sk}k>i is a sequence with the property that lim^oo iVfsfc = s G R then 

D -is k A s(T ^ f } _t„, f IL.i^s = n (5.22) 



where /'(x) = iV 



hm \\e- is * A *(T N J) - T N ,f'\\ HHMA) = 0, 
■f)(Nx). We estimate 



/ B^ 0k B a ^ k dp = [ (-AJV2 -ife-^)A g(T ^ 0) . ( _ Ag)1/2(:r 
Je 3 Jh 3 



< 



+ 



;-A g )V\ , (T^^) • (-A g )V2 (T ^) df , 

H 3 

ffi(R3) • hh'^h^'^'^HTN^) ~ n h > k -i hk (TN k (f)')\\Hi{m 3 )- 

In view of (5.21) and (5.22), both terms in the expression above converge to as k — > oo, 
as desired. If ]imi c _ i . 00 N%\tk\ = oo then, using (5.20), we estimate 

Uo^o'Jlhm 3 ) < ||ni fcihfc (Tjv fc 0)|| L 6 (H 3 ) ||n^ i ^(Tj V ^)l|L6(e 3 ) <0,v (l + JV£|t fc |) -1 , 

which converges to as k — > oo. Otherwise, up to a subsequence, we may assume that 
limfc^oo N%tk = T G R, lim^oo and write 

Ho k M\\m m = K,-^-^^) -e-^^^IU 3 ^). 

This converges to as k — > oo, using (5.21) and (5.22), as desired. 

It remains to prove the claim (5.21). In view of the iJ 1 (R 3 ) — > H 1 (M 3 ) boundedness 
of the operators T/v, we may assume that f,g G C^°(R 3 ). In this case, the supports of 
the functions n gk {TM k f) and TM k g become disjoint for k sufficiently large (due to the 
assumption lim^oo M k d{g k • 0, 0) = oo), and the limit (5.21) follows. 
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(iii) By boundedness of Tjv fc , it suffices to consider the case when <f>, tp G Cq°(M. 3 ). fn 
this case, we have that 

II V g (T N J - N^^N^J 1 -)^ \\ L2(m -> 
as A; — > oo. Hence, by unitarity of Ht k ,h k , it suffices to compute 

lim iV fc (V g (0(JVfc* -1 -)) , V g (^(^.^7 1 -)))l2xl2(h3 ) = / V0(x) • W(x)dx, 

which follows after a change of variables and use of the dominated convergence theorem. 

□ 

Our main result in this section is the following. 

Proposition 5.5. Assume that (fk)k>i is a bounded sequence in H 1 (M 3 ). Then there are 
sequences of pairs (<^, O 1 *) G H l (R 3 ) x 7 e and (ip v ', &) G H^B 3 ) x T h , fi, v = 1, 2, . . ., 
sncn £/ia£ ; nj> to a subsequence, for any J > 1, 

h = E ^ + E ^ + r * J > ( 5 - 23 ) 

l<ft<J l<v<J 

where and are £ne associated profiles in Definition 5.1, and 



lim lim sup sup N~ 1/2 \P N e itAs r{\(x) = 0. (5.24) 

Moreover the frames {(9 M } M >i and {O v } u >\ are pairwise orthogonal. Finally, the decom- 
position is asymptotically orthogonal in the sense that 



lim lim sup 



E\h)- £ E\<ffy)- E\Vo»)-E\rt) = 0, (5 25) 

l</i<J \<v<J 

where E l is the energy defined in (1.3). 



The profile decomposition in Proposition 5.5 is a consequence of the following finitary 
decomposition. 

Lemma 5.6. Let (fk)k>i be a bounded sequence of functions in iJ 1 (H 3 ) and let 5 G 
(0,Sq\ be sufficiently small. Up to passing to a subsequence, the sequence (fk)k>i can be 
decomposed into 2 J + 1 = 0(5~ 2 ) terms 

fk= E ^+ E ^k +r ' k > (5 - 26) 

1<H<J l<v<J 

where (f)^ (respectively i >l k v ) are Euclidean (respectively hyperbolic) profiles associated to 

k k 

sequences (0^, O^) G id^lR 3 ) x T e (respectively (ip u , O v ) G H 1 ^ 3 ) x F h ) as in Definition 
5.1. 
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Moreover the remainder r\ is absent from all the frames , O u , 1 < /i, v < J and 



limsup I sup N- 1/2 \j tA *P N r k \{x) ) < 5. 

k^oo \N>l,t£R,x€U s 



(5.27) 



In addition, the frames and O v are pairwise orthogonal, and the decomposition is 
asymptotically orthogonal in the sense that 



|v g Ml| 2 = E ll v ^yii*+ E llv g ^lli 2 + llv g r fc ||i 2 + o fc (i) 



1<H<J 

where o^(l) — > as k — >■ oo. 



Kv<J 



(5.28) 



We show first how to prove Proposition 5.5 assuming the finitary decomposition of 
Lemma 5.6. 

Proof of Proposition 5.5. We apply Lemma 5.6 repeatedly for 5 = 2~ l , I = 1,2, .. . and 
we obtain the result except for (5.25). To prove this, it suffices from (5.28) to prove the 
addition of the L 6 -norms. But from Lemma 2.2 and (5.24), we see that 

limsup limsup H^fc ||x, 6 (]hi 3 ) = 

J— >oo k—too 



so that 



J— >oo k— >oo 

Now, for fixed J, we see that 



limsup limsup (|||/ fc ||£ 8 - \\f k - r(\\% | + \\r(\\%) = 0. 



\fk-r{\"- 1^1 
i</i<j 



- E iv% E i 



Ku<J 



+ E (i^ii^i 5 + i^i 5 i^i) 



(5.29) 



7$ is 



i</t,v< j 



so that 



ll^-^||ia 



E ii* 



i<^<j 



M ||6 



\l<> 



1<u<J 



~j E ii^^' 

otfi 



k IU 3 



where the summation ranges over all pairs (f£, fj!) of profiles such that f£ ^ f{! and 
where we have used the fact that the L 6 norm of each profile is bounded uniformly. From 
Lemma 5.4 (ii), we see that this converges to as k — > oo. The identity (5.25) follows 
using also (5.29). □ 
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5.1. Proof of Lemma 5.6. For (gk)k a bounded sequence in iJ 1 (H 3 ), we let 

S((g k )k) = sup lim sup iV," 1 \P Nk {e ltkA -g k )\(h k • 0) (5.30) 

where the supremum is taken over all sequences O k = (N k ,t k , h k ) k with N k > 1, t k G M 
and /ifc G G. If S((fk)k) < then we let J = and = and Lemma 5.6 follows. 
Otherwise, we use inductively the following: 

Claim: Assume (g k )k is a bounded sequence in H 1 (M 3 ) which is absent from a family 
of frames {O a ) a <A and such that 5((g k )k) > Then there exists a new frame O' which 
is orthogonal to O a for all a < A and a profile <pc k of free energy 

limsup ||V g o J L 2 > 5 (5.31) 

fc— S-OO 

such that, after passing to a subsequence, g k — <fio' is absent from the frames O' and O a , 
a < A. 

Once we have proved the claim, Lemma 5.6 follows by applying repeatedly the above 
procedure. Indeed, we let (f k ) k be defined as follows: (f k ) k = (fk)k an d if 5((fk)k) > ^, 
then apply the above claim to (f k ) k to get a new sequence 

f k +1 = fk ~ 4>o* +1 - 

By induction, {f k ) k is absent from all the frames O 13 , (3 < a. This procedure stops after 
a finite number (0(5~ 2 )) of steps. Indeed since ff* = f^~ l — (fio% is absent from 0%, we 
get from (5.7) that 

ll^g/fc" 1 !!^ = ll^g/fcllia + || V g 0o« ||^2 +2(/fc,0Oa) H l X fl- 1 (H3) 

= l|v g / fe Q ||i 2 + ||v g ^||| 2 + 0fe (i) 

and therefore by induction, 

IIVgMli 2 = llv g 0o«ll! 2 + l|v g ^ni 2 + o fc (i). 

Since each profile has a free energy > 5, this is a finite process and Lemma 5.6 follows. 

Now we prove the claim. By hypothesis, there exists a sequence Ok = (Nk,tk, hk)k 
such that the lim sup^^ in (5.30) is greater than 5/2. If lim sup^^ N k = oo, then, up 
to passing to a subsequence, we may assume that {O k } k >i = O' is a Euclidean frame. 
Otherwise, up to passing to a subsequence, we may assume that Nk —> N > 1 and 
we let O' = {(l,t k ,h k )k}k>i be a hyperbolic frame. In all cases, we get a frame O' = 
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{(M k ,t k , /ifc)fc}fc>i such that 

5/2 < limsup JV fc ~* \Pn„ {e ltkAs ) g k \ (h k ■ 0) 

k ^°° _ x (5.32) 

= limsup(n_ t h -ig k ,N k 2 P Nk (5 )) L 2 xL 2 m 

k^oo 

for some sequence N k comparable to M k . 

Now, we claim that there exists a profile fo 1 associated to the frame O' such that 



and 



limsup ||V g / J L 2 < 1 



U_ tk ^f &k -NPe- N ^ A H5 o )^0 

strongly in if 1 (EI 3 ). Indeed, if O' is a hyperbolic frame, then / := N~^e~ N 2Ag <5o- If 
N k — > oo, we let f(x) := (47r) - 2e~l x l 2 / 4 = e~ A 5 . By unitarity of II it suffices to see that 

\\N;K n ^ a *S - T N J\\ mm (5.33) 
which follows by inspection of the explicit formula 

V ' (4ttz)* smhr 

for r = d s (0,P). 

Since g k is absent from the frames O a , a < A, and we have a nonzero scalar product 
in (5.32), we see from the discussion after Definition 5.2 that O' is orthogonal to these 
frames. 

Now, in the case O' is a hyperbolic frame, we let ip G H l (J3?) be any weak limit of 
n_£ h-^gk- Then, passing to a subsequence, we may assume that for any <p e i/^H 3 ), 

(v g ^n_ tfcjft -i^ fc - , v g ^) L 2 XL 2 = (v g (# fe - n tk ,h k ij) , v g n tfeifefc ^) L 2 XL 2 ->■ o 

so that g' k = g k — U tkihk ip is absent from O' . In particular, we see from (5.32) that 
5/2 < Hmsup<n_ tfcih -i<fo, Ag7V-l [e N ' 2 ^5 )) L ^ 

< (ijj, AgiV-l (e^Mo))^ < ||Vg^|U 2 ( H 3) 

so that (5.31) holds. Finally, to prove that g' k is also absent from the frames O a , 1 < a < A 
it suffices by hypothesis to prove this for ipo' k ) but this follows from Lemma 5.4 (ii). 

In the case N k — > oo, we first choose R > and we define 

<ft(v) = V(v/R)NP (n_ tk ^g k ) (*i(v/N k )), (5.34) 
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where rj is a smooth cut-off function as in (4.1). This sequence satisfies 



limsup ||V0 fc || L 2(r3) < limsup || Vg^Hi^s) 

k^>oo k— s-oo 

and therefore has a subsequence which is bounded in if 1 (IR 3 ) uniformly in R > 0. Passing 
to a subsequence, we can find a weak limit 4> R G ij 1 (lR 3 ). Since the bound is uniform in 
R > 0, we can let R — > oo and find a weak limit such that 

0^0 

in E] oc and G H\R 3 ). Now, for y? G C^{R 3 ), we have that 

HT^ - nI^N^Wh^) 
as — )■ oo and with Lemma 5.4 (iii), we compute that 

(9k, Ag^)l 2 XL 2 (l3) = (n_ tfcifc -10fe, A g T A r fc V?) L 2 xL 2 (H 3 ) 

1 

= (n-tfc,^ 1 ^' Ag^^(A^ fe ^7 1 -))L2 xL 2 (H 3 ) + Ofc(l) ^ 
= (0, AV?) L 2 XL 2 (M 3) + Ofc(l) 

= -(<t>o' k ,(Po',)mxm{wz) + Ofe(l)- 

In particular, g' k = 9k ~ 0c is absent from C and from (5.32), we see that (5.31) holds. 
Finally, from Lemma 5.4 (ii) again, g' k is absent from all the previous frames. 

This finishes the proof of the claim and hence the proof of the finitary statement. 



6. Proof of Proposition 3.4 

In this section, we first give the proof of Proposition 3.4 assuming a few lemmas that 
we prove at the end. 

6.1. Proof of Proposition 3.4. Using the time translation symmetry, we may assume 
that t k — for all k > 1. We apply Proposition 5.5 to the sequence (u k (0)) k which is 
bounded in H^B 3 ) and we get sequences of pairs (<^, G H\R 3 ) x J= e and (if)", 6 V ) G 
H l (J3?) x J^h, fi,u = 1,2,..., such that the conclusion of Proposition 5.5 holds. Up to 
using Lemma 5.4 (i), we may assume that for all /x, either t k — for all k or (iV^) 2 |t^| — > oo 
and similarly, for all u, either t u k = for all k or \t k \ — > oo. 

Case I: all profiles are trivial, M = 0, ip u = for all /i, v. In this case, we get from 
Strichartz estimates, (5.24) and Lemma 2.2 (ii) that u k (0) = r{ satisfies 

||e^(^(0))|U w < ||e^(^ fc (0))||| ? ^ 8 ||e^(^(0))||f^ g 

< l|V^(0)||jt ( sup N-^\e HA -P N (u k (0))\(x)) " 

\N>l,t,x J 
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as k — > oo. Appling Lemma 6.1, we see that 

IK|U(R) < ||e itA,t Wfc(0)|| L io (H 3 XM) + |K - e itAs u k (0)\\ s i m ->■ 
as k — > oo which contradicts (3.7). 

Now, for every linear profile (f>^ (resp. ip^„), define the associated nonlinear profile 

k 

U^ k (resp. U^ k ) as the maximal solution of (1.2) with initial data U£ k (0) = (resp. 
U% k (0) = We may write U k if we do not want to discriminate between Euclidean 

and hyperbolic profiles. 

We can give a more precise description of each nonlinear profile. 

(1) If G T e is a Euclidean frame, this is given in Lemma 6.2. 

(2) If t\ = 0, letting (/", W v ) be the maximal solution of (1.2) with initial data 
W(0) = ip", we see that for any interval J CC I v ', 

as /c — > oo (indeed, this is identically in this case). 

(3) If t k — > +oo, then we define (I u , W u ) to be the maximal solution of (1.2) satisfying 7 

\\W(t) - e itA -r\\ H ^) -+ 

as t — > — oo. Then, applying Proposition 3.2, we see that on any interval J = 
(— oo,T) CC -P, we have (6.1). Using the time reversal symmetry u(t,x) — > 
u(—t,x), we obtain a similar description when t k — >■ — oo. 

Case Ha: there is only one Euclidean profile, i.e. there exists /i such that «&(()) = 
+ Ojk(l) in f/" 1 (]H 3 ). Applying Lemma 6.2, we see that U^ k is global with uniformly 

k ' 

bounded S' 1 -norm for k large enough. Then, using the stability Proposition 3.2 with 
u = U^ k , we see that for all k large enough, 

IKIU(/) %E max i 

which contradicts (3.7). 

Case lib: there is only one hyperbolic profile, i.e. there is v such that Uk(0) = 
■0~„ + Ofc(l) in if 1 (EI 3 ). If we have that t k — > +oo, then, using Strichartz estimates, we 
see that 

II § fc> "Ll0LF(H3x(-OO,0)) II g r ll L 10 L T3 (H 3 x( „ OOj _^ )) 

as k — >■ oo, which implies that ||e ltA8 Wfc(0)||z(-oo,o) — >■ as — > oo. Using again Lemma 
6.1, we see that, for k large enough, uu is defined on (— oo,0) and ||tifc||z(-oo,o) — > as 



7 Note that (/", W v ) exists by Strichartz estimates and Lemma 6.1. 
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k — ?■ oo, which contradicts (3.7). Similarly, t v k — > — oo yields a contradiction. Finally, if 
t k = 0, we get that 

7T( ft £)-iU fc (0) ->■ i> V 

converges strongly in if 1 (HI 3 ), which is the desired conclusion of the proposition. 
Case III: there exists // or v and rj > such that 

2 V < limsupE^^^.limsupE 1 ^) < E max - 2 V . (6.2) 

fe— >oo fc A;— s-oo k 

Taking sufficiently large and maybe replacing rj by r]/2, we may assume that (6.2) holds 
for all k. In this case, we claim that for J sufficiently large, 

ur = E U Z* + E ^ + j^'i 

— U prof,k + e ' fc 

is a global approximate solution with bounded Z norm for all fc sufficiently large. 

First, by Lemma 6.2, all the Euclidean profiles are global. Using (5.25), we see that 
for all v and all k sufficiently large, E 1 (U% k ) < E max — rj. By (6.1), this implies that 
E 1 (W) < E max — i] so that by the definition of E max , W v is global and by Proposition 
3.2, U% k is global for k large enough and 

\\K, k (t)-7r hk W^t-tmsHR)^0 (6.3) 

as k — > oo. 

Now we claim that 

limsup \\V s U k pp \\ LrL 2 < AELx (6.4) 

fc— s-oo 

is bounded uniformly in J. Indeed, we first observe using (5.25) that 
l|v g £/r ||LfOLS < llVg^fclUr^ + l|V g r fc J || LS 

J 1 
< \\VgUprof,k\\L?°I% + {2E max y . 

Using Lemma 6.3, we get that for fixed t and J, 

\\^ g u; rof , k (t)\\h < E iiv g c/ fe 7 iii^ +2 E( v ^ 7 W' v ^ 7 'w)^x^ 

1< 7 <2J 7^7' 

<2 E ^ 1 (f/ fc 7 )+o fe (l)<2E ma:E + o fe (l), 

1<7<2J 

where o k (l) — >■ as fc — >■ oo for fixed J. 
We also have that 

limsup llVgt^TII » <E max , v l (6.5) 
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is bounded uniformly in J. Indeed, from (6.2) and (5.25), we see that for all 7 and all k 
sufficiently large (depending maybe on J), E 1 (U'l) < E max — rj and from the definition of 
E max , we conclude that 

SUP ||C/fe|U(M) <E max ,r, 1. 

7 

Using Proposition 3.2, we see that this implies that 

SUp ||V g f4 7 || W <E max ,r, 1. 
7 L t,x 

Besides, using Lemma 6.1, we obtain that 

l|V g C/ fe 7 f f <E\W k ) 

L t,x 

if E 1 ^^) < 5q is sufficiently small. Hence there exists a constant C = C{E max ,rj) such 
that, for all 7, and all k large enough (depending on 7), 

V7*VZ\?v<CE\W k ) < Emax , v l 

ll^lliio ;$ ll v g ^ 7 ll! 10r f§ < 1. 

the second inequality following from Holder's inequality between the first and the trivial 
bound || V g [/fc||L°o L 2 < 2E l {U^). Now, using (6.6) and Lemma 6.3, we see that 
10 10 7 

v g t^ 0/ , fc || \ - E IIWHV < E IKVg^'Vgt^iUi. 

L t,x l< a <2J l<a^/9<2J 

< Emax , v E IKVg^Vgt^Hj < s _,,o fc (i). 

Consequently, 

10 



|v g f// roM ,||% < E IIVg^ll 3 ¥ + 0fc(1) 

L t> 1<q<2J L M 

^E max , V C E El ( U k) + ^C 1 ) ~E max ,v 1 



Ka<2J 



and using Holder's inequality and (6.4), we get (6.5). 

Using (6.4) and (6.5) we can apply Proposition 3.2 to get 5 > such that the conclusion 
of Proposition 3.2 holds. 

Now, for F(x) = \x\ 4 x, we have that 



e=(id t +A g )ur-ur\ur\ 4 = E m+^us-nu?)) 

\<a<2J 

+ E nuz)-F(ur). 



Ka<2J 



(6.7) 
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The first term is identically 0, while using Lemma 6.4, we see that taking J large enough, 

i ^ 

we can ensure that the second is smaller than 5 given above in L^H X ' 5 -norm for all k 
large enough. Then, since u k (0) = U% pp (0), Sobolev's inequality and the conclusion of 
Proposition 3.2 imply that for all k large, and all interval J 

IKIU(J) ^ IKIU 1 ^) < IK - U 1 PP \\SHJ) + ||t/'fc SP ||s 1 (R) ^E max , n 1 

where we have used (6.5). Then, we see that u k is global for all k large enough and that 
Uk has uniformly bounded Z-norm, which contradicts (3.7). This ends the proof. 

6.2. Criterion for linear evolution. 

Lemma 6.1. For any M > 0, there exists 5 > such that for any interval Jcl, if 

||V g 0|| L 2 (e3) < M 

||e^0|U(j) < S, 

then for anyt G J, the maximal solution (I,u) of (1.2) satisfying u(t ) = e*'° Ag satisfies 
J C I and 

\\u-e UA ^\\ sl{J) <5 3 

\\u\\ sHJ) <C(M,5). 

Besides, if J = (— oo,T), then there exists a unique maximal solution (I,u), J C I of 
(1.2) such that 

lim ||V g (u(t) - e itA *4>) || £2(H 3) = (6.8) 

t->— oo 

and (6.7) holds in this case too. The same statement holds in the Euclidean case when 
(H 3 ,g) is replaced by (1R 3 ,(%). 

Proof of Lemma 6.1. The first part is a direct consequence of Proposition 3.2. Indeed, let 
v = e ltAs (p. Then clearly (3.3) is satisfied while using Strichartz estimates, 

thus we get (3.4). Then we can apply Proposition 3.2 with p = 1 to conclude. The second 
claim is classical and follows from a fixed point argument. 

□ 

6.3. Description of an Euclidean nonlinear profile. 

Lemma 6.2. Let (Nk,tk, hk)k £ T e and G i/ 1 (IR 3 ). Let Uk be the solution of (1.2) such 
thatU k (V) = U tkM (T Nk <P). 

(i) For k large enough, Uk G C(R : H 1 ) is globally defined, and 

\\U k \\ zm < 2(7(^(0)). (6.9) 

(ii) There exists an Euclidean solution u G C(R : i/ 1 (IR 3 )) of 

(id t + A)u = m|m| 4 (6.10) 
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with scattering data ±o ° defined as in (4.4) such that the following holds, up to a sub- 
sequence: for any e > 0, there exists T(<f>,e) such that for all T > T(<f>,e) there exists 
R((j), e, T) such that for all R > R((j>, e, T), there holds that 

\\Uk - Uk\\su\t-t k \<TN- 2 ) < £ > (6-11) 

for k large enough, where 

(n h -iu k )(t,x) = N 1 k /2 r ] (N k ^J 1 (x)/R)u(N k ^J 1 (x),N 2 k (t-t k )). 
In addition, up to a subsequence, 

II £4 II l3 o io ! io <e (6.12) 

and for any ±(t - t k ) > TN~ 2 , 

||V g (U k (t) - n tk ^ hk T Nk <t>^) \\» < e, (6.13) 
for k large enough (depending on (p,e,T,R). 

Proof of Lemma 6.2. In view of Lemma 5.4 (i), we may assume that either t k = or that 
linn^oo Nl\t k \ = oo. We may also assume that h k — I for any k. 

If t k = for any k then the lemma follows from Lemma 4.2 and Corollary 4.3: we let u 
be the nonlinear Euclidean solution of (6.10) with u(0) = <fi and notice that for any 5 > 
there is T(<f>, 5) such that 

l|Vw|| L io/3 (ffi3x{ | t |> W)}) < S. 

The bound (6.11) follows for any fixed T > T(<j),S) from Lemma 4.2. Assuming 5 is 
sufficiently small and T is sufficiently large (both depending on and e), the bounds 
(6.12) and (6.13) then follow from Corollary 4.3 (which guarantees smallness of l±(t) • 
e itA ^U k {±N k 2 T((j),5)) in L t 10/3 #i' 10/3 (H 3 x R)) and Lemma 6.1. 

Otherwise, if limfc^oo N k \t k \ = oo, we may assume by symmetry that N k t k — > +oo. 
Then we let u be the solution of (6.10) such that 

\\V (u(t) - e itA <p) || L2(R 3) ^0 

as t — > — oo (thus _oc = 0). We let <f> = u(0) and apply the conclusions of the lemma 
to the frame (N k ,0,h k ) k G T e and V k (s), the solution of (1.2) with initial data 14(0) = 
7Th k T Nk (f). In particular, we see from the fact that N k t k — > +oo and (6.13) that 

\\V k (-t k ) - Tl tk , hk T Nk (f)\\ H i m ->■ 

as k — > oo. Then, using Proposition 3.2, we see that 

\\U k - V k (- -t k )\\ s i m ->■ 

as k — > oo, and we can conclude by inspecting the behavior of V k . This ends the proof. □ 
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6.4. Non-interaction of nonlinear profiles. 

Lemma 6.3. Let <po k and i^qi be two profiles associated to orthogonal frames O and O' . 
Let U k and U' k be the solutions of the nonlinear equation (1.2) such that £4(0) = <po k an d 
u 'k(°) = $o' k - Suppose also that E l (4> 0k ) < E rnax - rj (resp. E 1 ^^) < E max - rj) if 
O G J~h (resp. O' G J7J. Then, up to a subsequence, 
(i) for any Tel, there holds that 

(V g £4(T), V g ^(T)) L2xi 2 (H3) -> (6.14) 

as k — > oo. 

(») 



^ v ^K n i^m + Il(v ^ )v » t/;|I 4,,H»«., -* (6 ' 15) 



as k — ?> oo. 



Proof of Lemma 6. 3. (i) We fix e > sufficiently small. We first consider the case of a 
hyperbolic frame O. If O is equivalent to (1, 0, h k ) k , we may use Lemma 5.4 to set tk — 
for all k. In this case, letting W be the solution of (1.2) with initial data W(Q) = 0, we 
get by invariance of (1.2) under the action of tc that Uk(T) = U 0jhk (W(T)). 

If \tk\ — > oo, we may assume that tk — > +oo and then, we see from Strichartz estimates 
that for k sufficiently large 

and applying Lemma 6.1, we get that 

\\V s (U k (T) - n tk _ TM <f>)\\ L > < el 

Now we assume that O = (N k , tk, hk)k with N k — > oo. In the case when O is equivalent 
to (N k ,T,hk)k, i-e. if N%\tk — T\ remains bounded, up to passing to a subsequence, we 
may assume that iVf (T — t k ) — > T . Then, applying Lemma 6.2, we see that there exists 
R > such that 

\\U k (T)-u k (T)\\ H i m <s /2 
for k large enough. In particular, for k large enough, 

\\U k (T) - U , hk T Nk M-X, To)) ||^ (h3) < e . 

Finally, if N k \t — t k \ — > oo, passing to a subsequence, we may assume that N k (t — t k ) — > 
+oo. In this case again, we see that there exists such that, for k large enough, 

\\U k (T) — n tfc _T j / lfc Tjv fc 0||.ffi(H3) < ^o- 

Therefore, in all cases, we could (up to an error e ) replace U k {T) and U' k (T) by a linear 
profile in new frames (9t, Ct w ifh the property that C?t and 0' T are orthogonal if and 
only if O and O' are orthogonal. Thus (6.14) follows from Lemma 5.4 (ii). 
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(ii) We give a proof that the first norm in (6.15) decays, the claim for the second norm 
is similar. We fix e > 0. Then, applying Lemma 6.2 if U k is a profile associated to a 
Euclidean frame (respectively (6.3) if £4 is a profile associated to a Euclidean frame), we 
see that 

Wis* + \\U' k \\si < M < +oo 
and that there exist R and 8 such that 

l|VgC4|| L io L «)/is nL io/3 ((H s xR)N5 H } + ll^fclLi" ((H3 X R)\5« t h ) < £ ' 

(6 16) 

sup [llVgC/feH^o^o/is^io/s^ ^ } + II^IL^s^J < e, 

where 

5« )Tjh : = 6 tf x I : d^h' 1 ■ x, 0) < aN" 1 and |i - T| < a 2 A^ 2 }. (6.17) 

A similar claim holds for U' k with the same values of R, 5. 
If Nk/N' k — > oo, then for large enough we estimate 

H^fcVgC^H 30 < \\U k VM k \\ 30 + \\U k V s U' k \\ 30 



' v N' k ,t k ,h k ' k k " u t ^ x 



< 



M £■ 



The case when N'/Nk — > oo is similar. 

Otherwise, we can assume that < N k /N' k < C for all k, and then find k sufficiently 
large so that S^ k tk hk fl <S^, t , h , = 0. Using (6.16) it follows as before that 



Hence, in all cases, 



\ u kV z U' k \\ 30 < M e. 



limsup||C/ fe V g C/fc|| is < M e. 



The convergence to of the first term in (6.15) follows. □ 
6.5. Control of the error term. 

Lemma 6.4. With the notations in the proof of Proposition 3.4, there holds that 



lim limsup 



l<a<2J 

Proof. Fix e > 0. For fixed J, we let 



6 =0. 



(6.18) 



1<H<J l<v<J 1<7<2J 
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be the sum of the profiles. Then we separate 

v g (iw p )- E F ^)) 
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Ka<2J 



< 



v s (F(ur)-F(u; roLk )) 



+ 



V g (F(C// ro/)fc ) - E F ^)) 



Ka<2J 



We first claim that, for fixed J, 



lim sup 

k—>oo 



V g (F(C// ro/)fe ) - E F(E/?)) 



Ka<2J 



o. 



(6.19) 



Indeed, using that 

iv g (F( e E E i^ti^v^i, 



Ka<2J 



Ka<2J 



we see that 



V g (F(C// ro/)fe ) - E r2r §^ E ll^lll-H^V^ 



Ka<2J 



Therefore (6.19) follows from (6.15) since the sum is over a finite set and each profile is 
bounded in L]° x by (6.6). 

Now we prove that, for any given e > 0, 



lim sup lim sup 

J— >-oo fe— >oo 



v g (iW p )-^/,o/, fc )) 



(6.20) 



This would complete the proof of (6.18). We first remark that, from (6.5), U^ ro j k has 



bounded L\ H X 13 -norm, uniformly in J for k sufficiently large. We also let j = jo( £ o) 
independent of J be such that 8 



SUp lim SUp || Uu || L : 10. < £ - 



Qf>j() k^oo 



(6.21) 



Now we compute 



I V g {F{U J woLk + e^r fc J ) - F(U^ k )) || . 



5 1 



S EE l|V P g (e^r^V g ^(C// ro/)fc ) 5 ^| 



6 . 

L+ Lx 



Since both U^ )ro f k and e ttAs r k are bounded in L\°H X ' VA uniformly in J, if there is at least 
one term e ltAs r k with no derivative, we can bound the norm in the expression above by 



2 §£*w*,r,||e g ^|| L w 



s The fact that jo exists follows from (5.25) and (6.6). 
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uniformly in J, so that taking the limit k — > oo and then J — > oo, we get 0. Hence we 
need only consider the term 

\\(U^ k rV s (e^r{)\\ e. 
Expanding further (t^ /^) 4 , and using Lemma 6.3 (ii) and (6.6), we see that 
limsnp||(f// ro/ifc ) 4 V g (^ Ag r fe J )|| . = limsnp £ \\(U^ 4 W s (^r J k )\\ e 

<limsup \\m%o\\UZV s (e itA *rZ)\\ % 

l<a<J 

<E max , v limsnp £ ^(C/nil^Vgle^r^H « 

fc— KX> , ^ , . 

1<Q<J0 

+ limsup £ ^ 1 (^)ll^llL-l|V g (e^^)|| ao 

fe— >00 . - - 7 L t L x 



where jo is chosen in (6.21). Consequently, using the summation formula for the energies 
(5.25), we get 



limsnp ||(^ ro/ , fc ) 4 V g K Ag ^)|| f < B _,„ £ + sup limsup ||^V g (e^)|| f . 

Finally, we obtain from Lemma 2.3 that for any profile U k , 

lim hmsup ||^V g (e^)|| » = 0. (6.22) 

J-s-oo k^too L^L° (IFxR) 

This would imply (6.20) and hence the proof of Lemma 6.4. To prove (6.22), fix e > 0. 
For U k given, we consider the sets S% Th as defined in (6.17). For R large enough we 
have, using (6.16), 

\\U k VJ^r J k )\\ is 

< II^IL5(( H3 >< R )\^ fc , tfc , hfc ) l|V ^ ei * ASr fc)ll L io L |§ ~E max ,r, e. 

Now in the case of a hyperbolic profile C/£ fe , we know that W v as in (6.1) satisfies 
W u G Ll° t {M 3 xl). We choose W u >' G C C °°(H 3 x R) such that 

- W^'|| L io t(lM) < e. 

Using (6.3) we see that there exists a constant C u>£ such that 

II^V g (e^r^|| ¥ < \m hk - n K W»>% - ^))V g (e^)|| ¥ 

L f il! (*N k ,t k ,h k > (*N k ,t kl h k > 

+ ||W''|| L =c ||V g (e itA ^)|| 15 
<E max ,r,e + C„, e \\V s (e itA *r J k )\\ „ 
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In the case of a Euclidean profile, we choose v G C^°(1R 3 x M) such that 

\\ u - w IIlW(r3 x ir) < e, 
for u given in Lemma 6.2. Then, using (6.11), we estimate as before 

\K k V s (e^r{)\\ f < Emax , v e + C^)Hv s (e^r()\\ ¥ 

L i Li y^N k ,t k ,h k > L t L * \^N k ,t k ,h k > 

Therefore, we conclude that in all cases, 
II^V g (e^)|| ¥ <^,, e + ^W)i||V g (e« A -r fc J )|| ¥ 

Finally we use Lemma 2.3 and (5.24) to conclude that 

lim limsup KV^rOW ¥ e. 

J->00 fc^oo I^a; (&N k ,t k ,h k ) 

Since £ was arbitrary, we obtain (6.22) and hence finish the proof. □ 
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